of G, and they are the simplexes of the building of G, using reverse inclusion to say that one is a face of another. If G is sporadic, the situation is different. It may not be possible to generate G using subgroups which are minimal with respect to containing B, and even if it is there may be other differences such as Pj n P K ",: Pj (") K. This is not surprising, but itdoes suggest that we should perhaps alter our geometric requirements. We do this by fifstly requiring only that the Pi contain a unique maximal subgroup containing Band are p-Iocal. The complex obtained by using the Pj may, however, not be a simplicial complex, so we add the requirement that Pj n P K = Pj(")K, and also that the Pi should be a minimal set of subgroups generating G (see Section 1 for more details).
At this point it is appropriate to say a word about chamber systems. In [34] , Tits defines a chamber system, and gives an elegant approach to buildings by starting with the set of chambers (i.e. simplexes of maximal dimension), and specifying a set of adjacency relations; two chambers are i-adjacent in this sense if they differ in exactly one vertex of type i. Group theoretically the chambers are the conjugates of B, and B8 is i-adjacent to Bh if and only if gh-1 E Pi. This idea of starting with the minimal parabolics is what has motivated the work we present. In the case of buildings it makes no difference whether one starts with minimal or maximal parabolics; but the geometries for p = 2 given in [30] using "maximal parabolics" are for the most part different from the ones we give for p=2 here.
Our paper is structured as follows. Section 1 contains the basic definitions and a summary of the results. Sections 2, 3 and 4 then deal with the cases p = 2, 3, and ~5, respectively. In Section 2 some comparisons are drawn with the work of [30] as mentioned above, and in Section 3 we draw some interesting comparisons with the work of Buekenhout [3] . We found in most cases that if there is a geometry satisfying our conditions for a given prime p, then it is unique for that prime, although this is not always the case as the McLaughlin group with p = 2 amply demonstrates. 59 0195-6698/84/010059 + 33 $02.00/1
DEFINITIONS AND SUMMARY OF RESULTS
Before giving any definitions we state a simple Proposition valid for any finite group G, where B is the normalizer of a Sylow-p subgroup of G.
PROPOSITION. Let G = (XIB:E; X, Op(X) 'f:. 1). Then G = (XIB:E; X, Op(X) 'f:. 1 such that B lies in exactly one maximal subgroup of X).
PROOF. Suppose B:E; X:E; G, with Op(X) 'f:. 1. If M and N are distinct maximal subgroups of X containing B, then clearly Op(M) 'f:.1, Op(N) 'f:. 1 and (M, N) = X Thus if B lies in more than one maximal subgroup of X, then we replace {X} by {M, N} and by continuing this procedure as necessary we obtain a set of subgroups containing Band generating G such that B lies in exactly one maximal subgroup of each.
This leads to the following definitions, where G is any finite group, B is the normalizer of a Sylow-p subgroup of G, and P is a subgroup containing B. (1) We call P a minimal parabolic subgroup if Op(P) 'f:. 1 and B lies in exactly one maximal subgroup of P.
(2) Let P l , •.• ,P n be minimal parabolic subgroups of G. Then we call {P l , ••• ,P n } a minimal parabolic system of rank n providing that G is generated by {P;}, i = 1, ... , n and no proper subset generates G. Given such a minimal parabolic system we immediately obtain a chamber system, as in [34] , by taking as chambers the conjugates of B, and defining i-adjacency, -i, by:
REMARKS. If G is a finite group of Lie type in characteristic p, with Lie rank at least 2, then there is exactly one such chamber system, namely the building for G.
(b) Every sporadic group except J 1 and M ll , admits a minimal parabolic system of rank at least 2 for p = 2.
(c) A group can have more than one minimal parabolic system for a fixed p (see for example M Z3 , Mc for p = 2).
Using the above notation, let J be a subset of I ={1, ... , n}, and set which we call a parabolic subgroup for the system in question. Then we shall call a minimal parabolic system geometric if for all subsets J, K c:;;; I P, nPK =P'roK.
This is always the case for groups of Lie type in their natural characteristic, and it means that one may define the chamber system as a simplicial complex by starting with the vertices. These are all conjugates of the PII{i}, i E I, and the simplexes are all sets of vertices whose intersection, as groups, contains a conjugate of B. Apart from some non-geometric systems given in the appendix to Section 2, all the minimal parabolic systems here are geometric, and we describe them by giving the vertex stabilizers (these may however not be p-Iocal-see for example M Z3 for p = 2). The simplicial complex is a chamber complex in the sense of Tits [33, p. 3] . We do not consider whether or not it is also a flag complex in the sense of Tits [33, p. 2] , although in the rank 2 case this is so by definition. If u is any simplex of codimension 2 (i.e. corresponding to some PII{i.i})' the chambers containing u form a rank 2 chamber system which is a simplicial complex. This is the same thing as a rank 2 flag geometry, and we indicate the type-of geometry involved by the appropriate rank 2 piece of the diagram, as in Buekenhout [3] .
Our rank 2 subdiagrams have the following meanings: 
SUBGROUP NOTATION
If the minimal parabolic subgroups for a particular system are PI, . .. ,Pm then we give this information by writing, minimal system {XI> ... ,X n }, where Xi is the permutation group induced on the set of chambers containing the panel corresponding to Pi' Since Op(P;) always acts trivially on this set of chambers, Xi is always a factor group of PJOp(P;). Each node of the diagram corresponds to a vertex stabilizer, which is given above that node. The notation ~ refers to an extension of the group B by a group A which acts trivially on the residue of the given vertex (notice, however, that B is not necessarily faithful on the vertex residue-for example GL 2 (3) has a kernel of order 2 when acting on the four edges through a vertex, as in M 12 , p = 3). We use the notation nO,+··· +o. to denote a group of that order with a subnormal series having sections Z~I (the notation [m] means simply a group of order m). For example a Sylow-3 normalizer of 13 has shape 3 3 + 2 8, meaning that after factoring out the Sylow-3 subgroup, one has Zs· TA.BULAR SUMMARY. In Table 1 we give the ranks of the various minimal parabolic systems for p = 2, 3, 5 for each sporadic group. If no entry is given, this means that there is no minimal parabolic system of rank at least 2 for the group and prime in question.
The only system of rank at least 2 for p>5 occurs for the Monster, Fl for p=7. For each group we also give its order, preceded and followed by the order of its Schur multiplicator and outer automorphism group.
2-LoCAL GEOMETRIES
In this section we deal with the case p = 2. The minimal parabolic systems we present are all geometric in the sense of Section 1 (i.e. give rise to simplicial complexes), and they are the only ones possible for each group. In an appendix to this section we give further group theoretical details. In particular we give the partially ordered set of all subgroups containing a Sylow-2 subgroup for most of the more complicated examples. This interesting geometry was first discovered by Neumaier [24] . It is the only known example of a geometry locally isomorphic to a finite building of type C 3 which is not cO\:.!red by a building (d. Tits [34] ). It may be shown to be simply-connected as a simplicial complex, and hence is its own universal cover. The vertices of the above geometry may be thought of as points, lines and planes, the points being the 7 points on which A7 acts, the lines being all 3-sets and the planes being one class of PG(2,2) on the 7 points. Depending on the choice of L 3 (2) (the stabilizer of a plane), the minimal parabolic system is, in notation of the appendix, either {PI> P 3 , P 4 } or its image {pr, P 3 , P 4 } under the outer automorphism (T of A 7 • A further minimal system of type {L 2 (2), L 2 (2), L 2 (2)} is {PI, P 3 , pr} which gives projective 3-space over 1F2' having diagram
The full automorphism group is, however, As.
Ar-MINIMAL SYSTEM {L 2 (2), Li2)} Biduads (ab)(cd) and triduads (ab)(cd)(ef) are unordered pairs and triples of disjoint duads (2-sets) of a 7-set. The minimal system is {Pz, P 3 } in the notation of the appendix.
REMARK. If A7 appears as the top section of a 2-local subgroup, then there is a minimal system of the form {L 2 (2), Ss}, where the L 2 (2) may arise from anyone of PI, P 2 , P 3 or pro This occurs in two cases for Mc. The building for U 4 (2) is a generalized quadrangle with 45 points and 27 lines. In our U 4 (2)'2 the parabolic subgroup 24AS of Ui2) becomes 24Ss and the 45 points each split into three, with Ss acting on the set of 15 vertices now incident with a line. The subgroup 2 4 S 4 < 2 4 S S ' together with 2 1 + 5 S 3 , generates the subgroup 2 I + 4 S 3 x S3 which corresponds to generalized digon subgeometries; there are also Sp4(2) subgeometries with three points per line. S3 S3
. 11 points lines
Points are tetrads (i.e. 4-sets) and lines are trios of three mutually disjoint tetrads in the Steiner system S (12, 5, 6) . Both stabilizers are maximal and this geometry appears in Goldschmidt's work [9] on trivalent graphs (see also Buekenhout [4] ). Minimal circuits have eight points and eight lines and lie on flag-graphs of generalized quadrangles with automorphism group Aut(Sp4 (2)). There are 132 such geometries, 8 for each point, which split into two orbits under M I2 , one corresponding to duads (2-sets) and the other to bihexads (pairs of disjoint hexads) of the Steiner system; they are intercharged by the outer automorphism of M 12 • A point (tetrad t) is incident with one of these subgeometries (l?ihexad hI, hb resp. duad d) if t c hI or h2' resp. t (; d = hexad. If one takes a duad d to be incident with a bihexad hI (; h2 if de hI or h2' then using points, duads and bihexads one obtains a geometry belonging to the following diagram. 66 bihexods (8) 495 points (8) 
duods
The lines of our original geometry belong to three bihexads and three duads, one for each pair of points on the line. Both point and line stabilizers are maximal. Minimal circuits have six points and six lines, and lie in generalized hexagon subgeometries with automorphism group G 2 (2). The whole geometry embeds in a G 2 (4) generalized hexagon, and A. Cohen [8] shows that it forms a near octagon without quads, in the notation of [311 The point diameter is 4 and the line diameter is 3.
53
L 2 (4) Both point and line stabilizers are maximal, and are isomorphic to those for 12 above. It has recently been discovered that 13 is a subgroup of U 9 (2) in such a way that the points and lines of this geometry are points and lines of the U 9 (2) polar space; indeed every point of this polar space is a point of our geometry. An elegant combinatorial description of this embedding has been found by Conway [10] . The maximal subgroup (3 x A 6 )2 of 13 clearly acts on the 45 involutions of A6 to give a subgeometry with 45 lines and 30 points, being a generalized octagon with two points per line and three lines per point.
3.7.11 3.5.7.11 points lines
Points are duads (ab) and lines are triduads (ablcdlef) forming a hexad of the Steiner system S (22, 3, 6) of which M 22 ·2 is the automorphism group. The subgroup 2 4 S 4 < 24Ss together with the line stabilizer 2 4 + 2 S 3 generates 24A6 which acts naturally on a generalized quadrangle subgeometry; there are also projective plane subgeometries withautomorphism group 2 3 L 3 (2) (compare [30]). Each point lies on 15 lines, e) = 10 planes, and 5 quadrangles; each line lies on 3 points, 1 quadrangle, and 2 planes. This M22 geometry appears as a residue in the geometries for M 23 , • 2, and F2 below, and a 3-fold covering of it is a residue in our J 4 geometry. The point stabilizer is maximal and its subgroup 42 4 S 4 , together with the line stabilizer 4 3 The point stabilizer is maximal and its subgroup 21+4+2+4S4, together with the line stabilizer 2 3 + 8 + 2 S 3 , generates the maximal subgroup 2 3 + 8 L 3 (2) which acts naturally on projective plane subgeometries. There are also generalized hexagon subgeometries with automorphism group 2 6 G 2 (2) (compare [30] ). Each point lies on 15 lines, 5 planes, and 2 G) = 20 hexagons; each line lies on 3 points, 1 plane, and 4 hexagons. The geometry of the 28-dimensional projective representation of Ru is studied in detail in [37] , and in the 28-dimensional module over GF (2) , our points are certain I-spaces and our lines are certain 2-spaces (see [22] for more details of this GF(2)-module).
.5 5 .7.11.31.37.67 3 6 .5 6 .7 .11.31.37.67 points lines
There are three points per line and fifteen lines per point. The minimal parabolic system is {PI, P s } in the notation of the appendix. Using {PI> P 3 } one obtains generalized digon subgeometries. 53 
25,
(2) There are 3 points per line and 315 lines per point. The minimal parabolic system is {PI, P 3 } in the notation of the appendix. Using {PI> P 2 }, one obtains projective plane subgeometries with stabilizer 4 3 L 3 (2); there are 105 of these on each point, and one on each line. There are 3 points per line, and 2835 lines per point. The point stabilizer, which is maximal, intersects the non-split 2 s L s (2) subgroup of F 3 in 21+ 8 Li2), and the line stabilizer is the minimal parabolic subgroup of 2 5 L s (2) not contained in this subgroup. As a consequence there are subgeometries with 315 lines per point, in which points and lines play the role of points and (line, plane, hyperplane) flags of PG (4, 2) . Within such subgeometries there are obviously subplanes, and also generalized digons. A5\Z2 S 3 19 3 4 .5 6 7 . 11.19 points lines
There are three points per line and seventy five lines per point, points corresponding to 2-central involutions and lines to four-groups V normal in a Sylow-2 normalizer, B 2 • The subgroup PO=21+8A4lZ2 maximal in a point stabilizer PI> together with an incident line stabilizer P 2 , generates the maximal subgroup 23+2+6(3 XL 3 (2», which clearly stabilizes projective plane subgeometries, there being 25 of these on a point, and exactly one on a line. To obtain L 3 (2) one may work in the centralizer of Syh(B 2 ), which is A 9 . Clearly (Po, P 2 ) n A9 is a rank 2 group fixing a Sylow-2 subgroup of A 9 , and it is then easy to see it must be 2 3 L 3 (2) < A 9 ; this immediately leads to the structure above. This geometry is described in [30] , in which it is explained that its vertices can be regarded as certain totally isotropic 1, 2 and 4-spaces (reading from left to right of the diagram) in the U)2(2) geometry. The universal cover is an affine building, by Tits [34] . Points are the 23 points of the Steiner system S(23, 4, 7), lines are all triads (3-sets) and planes are one class of projective planes formed from the seven points of a heptad. The A7 geometry with diagram OI-----Cc:====:DII is a subgeometry with automorphism group 24A7 and there are also projective spaces PG(3,2) as subgeometries with automorphism group L 4 (2) . The minimal parabolics are either {PI> P 3 , P 7 } or {P 4 ,P 3 ,P 7 } in the notation of the Appendix, both systems giving geometries as above. Since there is no automorphism of M 23 switching PI and P 4 , it follows that the two geometries are not isomorphic to one another, although they are certainly locally isomorphic (i.e. residues are isomorphic). Of course in one case L 3 (2) acts on the 24 as the stabilizer, in A 7 , of a I-space, whilst in the other case it is the stabilizer of a 3-space. In this geometry the points (with stabilizer 2 6 3Sp4(2)) are sextets (using Conway's notation [9] ) of the Steiner system S (24, 5, 8) . Planes are involutions of type 1 8 2 8 , and lines are sets of three mutually commuting involutions of this type belonging to disjoint octads. In terms of the 12-dimensional module over GF(2) obtained from 224 after factoring out the Golay code (see [30] ), points, lines and planes are certain 1, 2 and 3-spaces, respectively, all lying in an (II-dimensional) hyperplane. In terms of the maximal This geometry, locally isomorphic to that for M24 above, is easily obtained from the maximal 2-local geometry .:l [30] with diagram y where -II denotes a 3-split cover of the Sp4(2) quadrarigle, the hollow node referring to split vertices. Our points and planes are vertices x and y. To obtain the lines look at Res(x') in .:l, which contains 15 sets of triple y-vertices each incident with the same three x-vertices; these are our lines. The Held group has a 51-dimensional irreducible module over C; in recent work [22] , Mason and Smith have shown that this module remains irreducible over GF (2) and they have examined the fixed points under 02(M) where M is a maximal 2-local subgroup, as in [30). It is clear from their work that the planes of our geometry are certain 3-spaces in this 51-space, and the points and lines are all 1 and 2-spaces in these particular 3-spaces. 23 points planes quads Here 0""'-0 represents a 3-fold cover of the complete bipartite graph K 3 . 3 ; its minimal circuits are 3-gons. The above geometry is easily obtained from the geometry A formed by the three maximal 2-local subgroups containing a Sylz-subgroup, namely x = 2Sp6(2), Z = 2 4 L 4 (2) and y = 2 2 + 6 3(S3 X S3), having diagram This does not appear in [30] owing to the fact that 2Sp6 (2) is not 2-constrained, but as in [30], the square node only represents vertices v when considered in Res(x) or Res(z). The points, planes, and quads of our geometry are then elements of types y, (z, v) , and (x, v) where v E Res( x) or Res( z) as appropriate. This geometry may easily be extracted from the maximal 2-local geometry in [30], and it is thereby apparent that it contains subgeometries which are buildings of types C 3 and A 3 , stabilized by the subgroups 2J+ 8 S P6 (2) and 24 x 2J+ 6 L 4 (2). This contrasts with M 23 above where the corresponding subgeometries are for A7 and L 4 (2) but with the same diagrams. We now consider the points, lines and planes of this geometry as 1-, 2-and 3-spaces in a 22-space V. Let A denote the Leech lattice. mod 2 so ·2 is the stabilizer of a vector A E A2 (we are employing Conway's notation [9] as described under ·1 below), and the quadratic form
on which ·2 acts irreducibly. The special 8-spaces E (as in '1) in A \ containing A, give us 7-spaces S = E/(A) of V, with stabilizer 2 1 + 8 fh(2) in ·2. The totally singular 1-, 2and 3-spaces (under 0,7(2)) of such subspaces S are then the points, lines and planes of our geometry. The seventy seven S containing a point correspond to the subquadrangles of the M22 geometry above. The 0 0 residue is a 3-fold cover of the M22 geometry above in which the subquadrangles lift to non-trivial covers and the subplanes to trivial covers. Indeed these appear in M24 subgeometries as above, and PG(3, 2) subgeometries, with stabilizers 21lM24 and 2 1O + 4 L 4 (2) respectively, being elements of types x and (w, v) in the maximal 2-local geometry. The vertices of this geometry are duads, triduads (see M22 above) and 22-ads of Fischer's 3570 transpositions, reading from left to right. The minimal parabolic corresponding to the middle node has Ss on top, and if we use the subgroup with S4 < Ss, we generate 2 5 + 8 A6 X S3 which stabilizes a subgeometry which is a building of type C 2 x AI. There are also C 3 subgeometries with a stabilizer of shape 2 6 SP6(2) ( [23] , [40] ). If we regard the U 4 (3) vertices as points, then the other vertices may be regarded as heptads (two classes), and as quadrics (Ot(2) geometries). A covering of the U 4 (3) residual geometry appears in the geometry for M(24)'. The minimal parabolic system is {P I> P 3, Pf, P 4} in the notation of the appendix.
L3 ( Both of the above two geometries involve an A7 geometry for which one of the minimal parabolics, S5, is not 2-local in A 7 , though it is 2-local in 2 4 A 7 . This geometry arises from the maximal 2-local geometry in [30] in a similar way to that for MZ4 above. In terms of a GF(2) module let us take the Leech lattice A, using bars to denote images mod 2. Writing An ={A E AlA. A = I6n} as in [9] , A ={O}u Azu A3 U A 4 • Using the construction of A in [9] , an octad of the Steiner system 5 (24, 5, 8) spans an 8-space E of A, such that E n A3 = 0 For this reason the quadratic form q( v) = v. v/32 (mod 2) is well-defined on E, the totally singular vectors being precisely all vectors of En A 4 • Under the action of ·1 there are 3 4 . 52. 7 . 11 . 13 . 23 conjugates of E (they correspond to Es sublattices of A), and they contain two types of totally singular 4-spaces. One type is contained in three different E, whilst those of the other type, which we use as the 4-spaces of our geometry, each lies in a unique E. Having obtained our 4-spaces, corresponding to the right-most node of the above diagram, our other vertices (points, lines, and planes) are simply all 1-, 2-and 3-spaces in these 4-spaces.
·I-MINIMAL SYSTEM
The points comprise all vectors of A 4 • This geometry may easily be extracted from the maximal 2-local geometry in [30], and it is thereby apparent that it contains subgeometries which are buildings of types C 4 and A 4 , stabilized by the subgroups 2 9 + 16 Sps(2) and 2S+IS+I~S(2). o~------~~==========all==========~" This geometry arises from the maximal 2-local geometry in [30] in a similar way to that for M24 above, the II ,.., () geometry being a 3-fold cover of the Sp4(2) quadrangle. A block is an M24 geometry as given earlier. This arises from the maximal 2-local geometry in [30] in a similar way to that for M24 and . 1 above.
ApPENDIX TO SECTION 2
The partially ordered set (poset) of all subgroups containing a Sylow-2 subgroup is given here for each of the following groups: M(22), He, M 24 , ·1, h F 2 , A 7 , M 23 , M(23), Mc, O'N, Ly. For Fl this poset is a straightforward generalization of the ones given for M24 and, 1, and we omit it. Using each poset we give the possible minimal parabolic systems. As regards notation, the minimal parabolic subgroups are circled and labelled Pi' For any subgroup X which is not maximal we show only X/0 2 (X); this is no loss since we give the full structure of the maximals. In some cases two of these subgroups are conjugate under an automorphism 0" (necessarily outer by the Frattini argument), and this is indicated where appropriate.
These posets were obtained using the maximal subgroups which contain a Sylow-2 subgroup. Complete lists of maximal subgroups for M H , M 12 , M 22 , M 23 , M 24 , J 1 , J 2 , J 3 , Mc, . 3, . 2, . 1, HS, He, Ru, Suz, F5 are given in [9] , [12] , [14] , [15] , [13] , [38] , [39] , [21] , [7] , [37] , [36] , [25] . For J 4 , M(24), F 3 , F 2 , Fl a complete list of maximal subgroups containing a Sylow-2 subgroup is given by Aschbacher [1] . For M (22) and M(23) the maximal 2-1ocals were given by Mazurov [23] , and a recent paper by R. A. Wilson [40] gives almost complete information on M (22) .
For the groups Ly and O'N we know no reference for a list of the relevant maximal subgroups. However we sketch a direct argument to show that the only proper maximal subgroups H containing a Sylow-2 subgroup are: 3Mc2 and 2All for Ly; and 4 3 L 3 (2) and 4L 3 (4) . 2 for O'N. If F(H) = 1, then it is straightforward using group orders and the list of finite simple groups to verify that there is no possibility for H in either case. Clearly {Ph P 3 , P 4} is the unique minimal parabolic system.
As P 2 and P s are the only minimal parabolics not in 23+ 12 L 3 (2) x Ss and 2 J1 M 24 respectively, they are required in any system. Since (P 2 , P s ) = 21+123M222, and PI is the only minimal parabolic not in this subgroup, we obtain the unique system {PI' P 2 , P s }. @ /'\ The unique minimal parabolic system is {PJ, P 2 , P 3 , P s }· If X is any of the groups on the lower level (i.e. minimal parabolics), then X / 02(X) == 53. Both Ll and L2 have orbits of length 3 and 4 on the 7 points, whilst the others have orbits as indicated. Clearly P 3 is required in any minimal parabolic system for A 7 , and one obtains the following minimal systems: {PI, P 3 , P 4}, {Pf, P 3 , P 4}, {PI, P 3 , pn, and {P 2 , P 3 }: here u denotes the outer automorphism of A 7 • Every minimal parabolic system requires both PI and Pg as they are the only minimal parabolics outside 211 M 23 and 2 1O + 4 S 3 x A 7 , respectively. A geometric system cannot therefore contain P 7 , and must consequently contain P s in order to avoid the (3 x U 4 (2»2 parabolic. There are precisely two geometric systems, namely {P 3 , P s , Pg, PIl and {P 4 ,P S ,Pg,P I }, which are locally isomorphic and differ in the choice of L 3 (2)<A 7 (cf. M 23 above).
The non-geometric systems are: {P 2 , P s , Pg, PI} and {P 7 , Pg, PI}, and it is worth remarking that only one of the nongeometric systems for M 23 extends to a system for M (23) .
There are minimal parabolic systems {P, P 5, P 51 where P = Ph P 2, P 3, pr or P~, which are clearly not geometric since PS()P~=P4' If a system contains P s but not P~ then it necessarily contains pr, and if it contains neither P s nor P~, then it necessarily contains PI and PI' One obtains the following two additional non-geometric systems: Since PI is the only minimal parabolic not contained in 2A\1 it is required in every system. Since P s and P 6 are the only minimal parabolics not in 3Mc2, one therefore obtains the systems {Ph P 5 } and {Ph P 6 } only.
3-LoCAL GEOMETRIES
In each of the groups, M u , J h J 3 , and ON, a Sylow-3 normalizer is maximal, of shape M92, S3 x D lO , 3 3 + 2 8, and 3421+4DlO' respectively. In HS it lies in the unique maximal subgroup 2 x Aut A 6 • In M 22 , M 23 , M 24 , J 2 , Ru, and He it lies in more than one maximal subgroup, but there is no minimal parabolic system in these cases, nor in the case of J 4 . Indeed, in M22 and M 23 a Sylow-3 normalizer acts irreducibly on the Sylow-3 subgroup S (of shape 3 2 ) , and in the other cases, M 24 , J 2 , J 4 , Ru, and He, we have the normalizer acting irreducibly on SI4>(S) (of shape 3 2 ) , which leads to a unique 3-local subgroup containing the normalizer. This 3-local subgroup is, respectively: 3S 6 , 3PGL 2 (9), 6M 22 2, 3(Aut A 6 ), and 3S 7 • For each of the other fourteen sporadic groups, minimal parabolic systems exist, and in the cases of M 12 , Mc, ·3, ·2, ·1, F 5 , Suz, M(22) they are unique, as may be easily verified from a list of maximal subgroups (see [9, 13, 38, 39, 25, 36, 40] ).
A remarkable feature of some of the geometries we give is the existence of subgeometries whose stabilizer H has a Sylow-3 normalizer of index 2 in the Sylow-3 normalizer of the full group G, and by adding these subgeometries we obtain a geometry one rank higher which involves a complete graph 0 C 0 as a rank 2 residue. Many of these extended geometries appear in the work [3] of Buekenhout, who pioneered the study of geometries involving this 0 C 0 residue. Our first two geometries are for the non-sporadic groups U 5 (2) and D 4 (3)S3, owing to their appearacne in our geometries for FJ and M(23), respectively. The points are triads (3-sets) of the 12 symbols of the Steiner system and the lines are quartets of four mutually disjoint triads any two of which form a hexad of the Steiner system. As a bipartite graph it has diameter 6 and girth 10. The outer automorphism of MJ2 induces a diagram automorphism interchanging points and lines. This geometry was first brought to our attention by Glauberman (personal communication). Then 0;/03( OJ == GL 2 (3), i = 0,1 (see [27] ), and we let 0 0 and 0 1 be point and line stabilizers, respectively. Moreover there are subgroups Xo = Z( 0 0 ), X 2 , X 4 , X6 of 03( 0 0 ) , and XI> X 3 , Xs of 0 3 (0 1 ), where X;/ X i -2 has order 3, 3 2 , 3 4 , 3 2 and 3 2 , 3 3 ,3\ respectively, and such that Xn is the weak closure of X n -I (n = 1, ... ,6) in 0 0 (for n even) or 0 1 (for n odd). Let d( ,) denote distance in the bipartite graph (Le. d(p, L) = 1 if P is a point incident with a line L). If we fix a point corresponding to the Z3 subgroup z, and a point (resp. line) x with 03( Ox) = X6 (resp. X 5 ) as above, then d(z, x) = 2n (resp. 2n + 1) if and only if z E X 2n \X 2n -2 (resp. X 2n + 1 \X 2n -1 ). It follows that the Z3 subgroup z fixes all vertices at distance at most 6 from z. This is a remarkable fact, and the next best known examples are the groups 2F 4 (q) where one class of involutions fixes all vertices distant at most 4 from a fixed vertex. Inqeed if !l graph admits L2(q) in its natural permutation representation on the neighbors of any vertex (in particular that is the case here), then Weiss [35] shows there is a vertex U that G g(u)=1 (On(u) is the subgroup fixing everything distant at most n from u). If the graph is bipartite this implies that 09( v) = 1 for all vertices v; the F 3 example here has 07(V) = 1 for all v, but 06(v);':-1 if v is a point.
GL2(3)
Consider now the 3-local subgroup (3 x O 2 (3))2; the root groups of O 2 (3) are the 3-central Z3 subgroups, and so we obtain generalized 12-gons as subgeometries with automorphism group O 2 (3)2, having two points on a line, the lines corresponding to chambers of the O 2 (3) generalized hexagon. Thus we see that our Z3 automorphisms above can be thought of as root groups in O 2 (3) . An analogous situation occurs in the generalized octagons for the groups 2F4(q) which have subgeometries for Sp4(q)2, and in the G 2 (q) generalized hexagons which have subgeometries for L3(q)2. Clearly the girth of our geometry is 24, though the diameter must be fairly large. The points and lines of this geometry are the points and lines of the dual of Buekenhout's geometry [3] , [5] ,with diagram« I The points are the points of our geometry, and the 276 M-blocks are Mc geometries as above. There are six M-blocks on a point, permuted by S6, and any three of these meet in an M-line A containing points p and q. There are three M-blocks on p (resp. q) not containing A, and these intersect in a further M-line AI (resp. A 2 ). Moreover A, AI> A2 form a triangle and we obtain subgeometries with 11 M-lines and 55 points, stabilized by the maximal subgroup 3 5 (M Il x 2); these are our lines. Each M-block gives a subgeometry with 10 points per line, and any two of these intersect in a generalized quadrangle with 4 lines per point, stabilized by U 4 (3)·2 2 • There are 15 quadrangles on a point, and 33 on a line. In this geometry there are C21) = 55 points per line, and (~) = 10 lines per point. To obtain it we first construct another geometry whose points are Zrsubgroups whose normalizer is 3Mc2. In [20] it is shown that the elementary abelian 3 5 subgroups with normalizer 3 5 (M!! x 2) contain exactly 11 such Z3 subgroups, permuted in the natural way by M ll . Any two of these generate the center of a Sylow-3 subgroup, with normalizer 32+ 4 SS 5 . Thus we obtain the following rank 3 geometry ~, o ______ ~c~ ____ ~~==============o .. It is not difficult to see that the subgroup stabilizing such a (sub)-geometry is in fact the entire Lyons group, and so although we have obtained a chamber system with diagram
Mc-MINIMAL SYSTEM {M IO , Ss}
there is only one v-vertex. This means that if one takes a cell of type (a, b, c), then although it lies in two chambers, these chambers have a common vertex. which was determined by Buekenhout (private communication); some of its properties are described in [29] . The 22 880 quads correspond to 06"(3) subquadrangles of our geometry, with stabilizer 3U 4 (3)2. There are 11 of these on a point and 2 on a line. The reader may observe that the rank 3 Buekenhout geometry above has the same rank 2 residues as one already obtained for the Lyons group, though in the Ly case none of the stabilizers contains a Sylow-3 normalizer. For use later in the case of M (24) we remark that the Os(3) subquadrangles of the 06"(3) quadrangles give rise to a subgeometry with diagram ,~!========~!J~--~~~--O whose automorphism group in Suz is precisely U 5 (2) . This geometry has already been discussed above. (X is a 3B-normalizer in Atlas notation), where Vo <J R n R S for some g E G (see [16] ).
Let us take such cocliques as lines and notice there are 10 920/3 = 3640 lines per point.
Thus X n R is a line stabilizer in the 0 and (z, ,,) as planes we obtain the geometry given at the start, where 0'"'-0 denotes a 4-fold cover of the complete bipartite graph K4,4 (compare the geometry for ·3 with p = 2, given earlier). case one takes certain cocliques of four points in r [16] The points, lines, and planes of this geometry are precisely those of a geometry, which was first discovered by Buekenhout and Fischer [6] , with diagram The residue of a point is the Suzuki geometry already given, and the quadrics are 0 8 (3) geometries with stabilizer 3 8 n 8 (3) ·2. We note that the points, lines, and planes may be 
points I ines planes
The U 5 (2) geometry in the residue of a point has already arisen as a subgeometry of our geometry for Suz. Indeed we shall obtain the system above as a subgeometry of that for Fb and by adding subgeometries which are B 3 (3) buildings, with stabilizer 3 7 n 7 (3), we obtain a geometry belonging to the diagram To construct this consider the F 1 geometry above, whose points, lines, and planes can be considered as elementary abelian subgroups of orders 3, 3 2 , 3 3 respectively as already mentioned. Now 3M(24) is a subgroup of F l , and the centralizer of a 3-central element of FI in M(24) is known to be 31+ IO U 5 (2) . As explained under Suz, the subgroup U 5 (2) in Suz gives a subgeometry (I ~ oof the Buekenhout Suz geometry with 0 5 (3) quadrangles. Since the lines of our FI geometry correspond to elementary abelian 3 2 subgroups, they correspond to I-spaces of the 3 2 module for 2 Suz, as already described, and consequently to I-spaces in the 3 10 submodule of this for U 5 (2) . That is to say the lines in the residue of a point for M(24) are 3 2 -subgroups of M (24) , and consequently all points of such a line in the Fl geometry lie in the M(24) subgeometry and so the diagram above is verified. We have established the existence of the geometry using only the knowledge of 31+IOU 5 (2) '2, but the orders of the other stabilizers may be immediately calculated and their precise structure may be shown to be as given. There is a related geometry for ·1 with diagram irreducibly on Sf cP(S), it follows that there is no minimal parabolic system with p = 7 for M(24)'. Of course if I Glp = p, it is a trivial observation that no minimal parabolic system for p exists, whilst if I Glp > p one checks that the Sylow normalizer acts irreducibly on Sf CP(S), where S is a Sylow-p subgroup. We now deal with each of the remaining groups. There are 6 points per line, and 6 lines per point. Both stabilizers are maximal in ·1 (see [39] ), and are isomorphic to the point and line stabilizers in Sp4 (5) . It is the only minimal parabolic system for p = 5, and there are no minimal parabolic systems for p> 5. and this is the only minimal parabolic system for p = 5. There are no minimal parabolic systems for p> 5, see [25] and [18] . n-7 2 .11. 13.17.19.23.31.47 There are 6 points per line, and 96 lines per point. We shall obtain this geometry as an extension of that for Fs above. It is known that the Monster Fl has two classes of 5-elements, one of which has centralizer 5 XFs (see [17] ). This immediately gives usa 5-element normlizer 5(2 x Fs2) or 5( 4 x F s ), since IOut(F 5)1 = 2. The involution commuting with F5 must have centralizer 2F2 in F .. so Fs is a subgroup of F 2 , and since it does not lie in an involution centralizer we have 5(2 XF52) in Fl and so AutF s <F 2 . This immediately gives us the minimal parabolic 5 2 +1+ 2 GL 2 (5) . To obtain the other, we notice that 5 1 + 2 4S 4 < ·2 involved in F 2 , together with 5 1 + 4 2 1 + 4 5.4 < F2 generates 5 1 + 4 21+ 4 S S ·2. Clearly there are F 5 subgeometries with stabilizer F s2, there being 6 on each point and one on each line.
For p = 7, a Sylow-p normalizer has order 2 6 3 2 7 2 and acts irreducibly on its Sylow-7 subgroup (see [32] ) and for p> 7, IF 21p = p so there are no minimal parabolic systems for p> 5. There are 6 points per line and 2016 lines per point. the point-stabilizer 51+ 6 2J 2 4 is given in (17] , whilst the line stabilizer 52+2+4(GL 2 (5) X S3) is the extension of the line stabilizer for 2F2 or Fs above. Clearly therefore there are F2 and Fs subgeometries as above with stabilizers 2F2 and 5(Fs x 2)2 respectively. A simple counting argument shows there are 3 2 .5 3 . 7 (resp. 3.5 3 ) F2 subgeometries and 2.3 3 .5 2 . 7 (resp. 3.5 2 ) Fs subgeometries on a point (resp. iine).
F,: p = 7-MINIMAL SYSTEM {PGL 2 (7) , S7} GL2 (7) 71+4 72+1+2 There are 8 points per line and 120 lines per point. The point stabilizer 71+42A76 is given in (17] , whilst the line stabilizer may be obtained as follows. Let 5 denote the extraspecial 7 1 + 4 which, since it has exponent 7, contains an element S E 5\Z(5) fixed by a 7-element of A 7 . Therefore, 7 s IIC N (s)(5)1, and since there are only two classes of 7-elements in F 1> the other class having centralizer 7 x He, we see that S is conjugate in FI to zEZ (5) . Our line stabilizer is then NF,«s, z»).
For p> 7, there are no further minimal parabolic systems since in the cases p = 11 and 13, the normalizer of a Sylow-p acts irreducibily on P and P / 4>(P), respectively, and for p> 13, IPI = p. Ly: p = 5-MINIMAL SYSTEM {PGL 2 (5), PGL 2 (5), PGL 2 (5)} This geometry was first discovered by Buekenhout and Kantor and is described in (19] . Its universal cover is an affine building (of type ( 2 ) by Tits's theorem [34] , though not arising from an algebraic group in view of the action of the line stabilizer on its residue. For p> 5, there are no minimal parabolic systems since ILYlp = p or 1.
